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Abstract. A classical theorem states that the group of automorphisms of a 
manifold M preserving a G-structure of finite type is a Lie group. We general¬ 
ize this statement to the category of cs manifolds and give some examples, some 
of which being generalizations of classical notions, others being particular to 
the super case. Notably, we have to introduce a new notion of supermanifolds 
which we call mixed supermanifolds. 
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1. Introduction 

In this article, we study geometric structures on cs manifolds and their auto¬ 
morphisms. Super-Riemannian structures on cs manifolds play a prominent role 
in the work of Zirnbauer [14) . In particular, the so-called Riemannian symmet¬ 
ric superspaces are worth mentioning. Other instances of geometric structures on 
supermanifolds appeared in the context of supergravity theories m- 

By a geometric structure on a manifold M we mean a reduction of the structure 
group of the frame bundle L{M) to some closed subgroup G ^ GL{V). Depending 
on the context, there might be additional conditions like 1-flatness. A classical 
theorem states that the group of automorphisms of such a G-structure is a Lie 
group provided it is of finite type. (See [12] and the references therein.) This 
includes for instance the isometry group of a Riemannian manifold. 

In this work, we study the analogous structures in the category of cs manifolds 
(cf. |8|). First, we lay the necessary foundations for the definition of a G-structure. 
This leads naturally to the notion of mixed supermanifolds as follows. The frame 
bundle of an ordinary manifold locally modelled on the vector space V is obtained 
from a cocycle Uij GL{V) by glueing. Suppose M is a cs manifold (called su¬ 
permanifolds in this article) which is locally modelled on the super vector space 
Vg©Ui. Here, Vjj is a real and Vi is a complex vector space. Then the analogous co¬ 
cycle takes values in the mixed Lie supergroup GL(V) which has as body the mixed 
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manifold GL{Vq) x GL{Vi). It is crucial to keep the complex analytic structure on 
the second factor. After having developed the basic theory of mixed superman¬ 
ifolds, one can define G-structures, prolongations and G-structures of finite type 
along the lines of the classical definitions. Our main result concerns the functor of 
automorphisms of a G-structure of finite type that is in addition admissible. In this 
situation, if restricted to purely even supermanifolds, the functor is representable 
by a mixed Lie group and it is finite dimensional in the sense that the higher 
points are determined by the Lie superalgebra of infinitesimal automorphisms of 
the G-structure, which we prove to be finite dimensional. Representability can 
fail for two reasons here, due to the fact that the higher points of the functor of 
automorphisms contain all infinitesimal automorphisms of the G-structure. For a 
representable functor these are necessarily all complete and decomposable, which 
means that they admit a decomposition of the form X + iY for two real complete 
vector fields. The theory of G-structures can be developed for real supermanifolds 
without need for enlarging the category. Moreover, there is no need for imposing 
an additional property on a G-structure of finite type. The only obstruction for the 
representability of the functor of automorphisms of finite type is the completeness 
of the infinitesimal automorphisms. 

The paper is organized as follows. In Section 2 we introduce mixed superman¬ 
ifolds. After giving the basic definitions, we give a short account on mixed Lie 
supergroups and principal bundles. We then show that mixed supermanifolds are 
the natural home for constructions such as tangent bundles and frame bundles as 
well as their mixed forms, the real tangent bundles and real frame bundles. In 
contrast to what the name suggests, mixed supermanifolds are not supermanifolds 
with extra structure as we show in Proposition 17.11 Moreover, we prove that, for 
our purposes, mixed supermanifolds cannot be avoided fProposition 17.21) . 

In Section 3 we define a geometric structure to be a reduction of the real frame 
bundle of a mixed supermanifold and construct its prolongation. In the super 
context it is advisable to make the constructions in such a way that functoriality 
is evident. A subtlety is that the standard prolongation has to be refined to a real 
prolongation, which is again a geometric structure in the sense of our definition. 
The existence is ensured if the G-structure is admissible. 

In Section 4 we define the functor of automorphisms of a G-structure. Due to 
functoriality, prolongation gives rise to inclusions of functors of automorphisms. 
Then we treat the case of a {l}-structure. We show that the underlying functor 
is representable and the Lie superalgebra of infinitesimal automorphisms is finite 
dimensional. An important ingredient is that even real vector fields possess a flow 
as we show in Section [Ll Similar results on the functor of automorphisms of an 
admissible G-structure of finite type can then be deduced by embedding it into the 
functor of automorphisms of a {l}-structure. 

Everything we have said has a direct analogue in the category of real super¬ 
manifolds, except that there are no complications caused by mixed structures and 
admissibility. The completeness issues remain. The analogous theorems are stated 
in Section 5. 

Finally, in Section 6 we discuss some examples. We treat even and odd metric 
structures on supermanifolds and construct a canonical admissible geometric struc¬ 
ture of finite type associated to the superization of a Riemannian spin manifold as 
studied in mis]- 
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2. Recollections on supergeometry 

2.1. Mixed supermanifolds. A complex super vector space is a Z/2-graded com¬ 
plex vector space U = Vg © Ui. A morphism is a grading preserving complex linear 
homomorphism. The resulting category is closed symmetric monoidal with respect 
to the evident notion of tensor product and inner horn objects. 

A general mixed super vector space consists of the data (U, Vr, Vc) where U is a 
complex super vector space, C U is a real sub super vector space, Vc C U is a 
complex sub super vector such that Vc C Ur and the canonical map C © Vr/V<c 
V jVc, is an isomorphism. A mixed super vector space is a general mixed super 
vector space (U, Ur, Vc) such that (Ur)i = (Vc)i = Vj. The class of these contains 
the classes of super vector spaces and complex super vector spaces as the extreme 
cases where Vfc = Vi and Vc = V^, respectively. A real super vector space is a 
general mixed super vector space of the form (U, Ur,0). For our purposes it is not 
necessary to discuss the various notions of morphisms of general mixed super vector 
spaces at this point. 

Example 2.1. One way to produce (general) mixed super vector spaces is the 
following. Suppose given a real sub super vector space Ur of a complex super 
vector space W. The kernel of the induced map /: C © Ur —>■ W is of the form 
Uc = {* ® T — 1 © iu I u e Vc} — Vc for a complex subspace Vc C VU contained 
in Ur. Then (U = im(/), Ur, Vc) is a general mixed super vector space. Of course, 
conversely, given a general mixed super vector space (U, Ur, Vc), Vc can be recovered 
from this by applying this procedure to V]r ^ V^. In particular, the pair (U, Vr) 
determines Vc and the pair (Vr, Vc) determines U up to isomorphism. 

This leads to various notions of supermanifolds. We will first introduce the 
relevant notions at the level of manifolds (without grading). Consider a (purely 
even) mixed vector space Vc C 14 C U. We denote by A(V]r) the locally ringed space 
over C given by the topological space Ur together with the sheaf of partially 
holomorphic functions, i.e. complex valued smooth functions whose differential is 
complex linear in the fibre A(V4) x Vc C A(Ur) x Ur = TA(V4). 

Remark 2.2. More concretely, if we choose an isomorphism V = C” x C™ such 
that Ur = K" X C™ and Vc = C"*, then these are complex smooth functions 
on open subspaces of M" x C™ which are holomorphic in z. 

Definition 2.3. A mixed manifold consists of a locally ringed space (Mo,Omo) 
over C with second countable Hausdorff base which is locally isomorphic to A(VjR) 
for some mixed vector space (U, 14, Vc). The subsheaf of real-valued functions is 
denoted by Omq.r- The full subcategory of locally ringed spaces over C with objects 
mixed manifolds is denoted by M'^. 

Remark 2.4. These are precisely the smooth manifolds locally of the form R” x C™ 
with transition functions (x, z) i-)- {ip{x),ip{x, z)), where 'if>{x,z) is holomorphic in 
z. Put differently, these are manifolds endowed with a Levi flat CR-structure (cf. 
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Consider now a mixed super vector space {V, Vc). We denote by A(t4) the lo¬ 
cally ringed superspace over C given by the topological space Vrq together with the 
structure sheaf C)A(Vko) A Given a mixed super vector space (V, Vr, Vc), we 
can forget the mixed structure and consider the mixed super vector space (V, V, V). 
The associated locally ringed space will be denoted by A(t/). 

Definition 2.5. A mixed supermanifold consists of a locally ringed superspace 
M = {Mq, Om) over C with second countable Hausdorff base which is locally iso¬ 
morphic to A(t4;) for some mixed super vector space (V^, 14, V4)- The full subcat¬ 
egory of locally ringed superspaces over C with objects mixed supermanifolds is 
denoted by SM^. The category SM'^ contains the full subcategories SM and SM''' 
of supermanifolds and complex supermanifolds as the extreme cases where Vc = V^i 
and Vc =V, respectively. 

The sheaf of nilpotent functions on a mixed (real) supermanifold M will be de¬ 
noted by 3 m- The mixed (real) supermanifold structure on M induces the structure 
of a mixed (real) manifold on the locally ringed space (Mq, 0m/3m) which we ab¬ 
breviate by abuse of notation by Mq. Moreover, we set Omq := 0m/3m- Then the 
inclusion i: ^ SM'^ has the right adjoint r: SM'^ ^ M^, M i—>■ Mq. 

Given a mixed supermanifold, we define the sheaf of real functions to be the 
pullback in the square of (real) supercommutative superalgebras 

Om,r-^ Omo,R 


Om-^ Omo • 

We will often consider a mixed supermanifold as a set-valued functor on SM^ by 
the assignment T i-A- SM^(T, M). Then there is a natural transformation of functors 
M r*i*M = r*Mo which is given by sending a map T ^ M to its underlying 
map Tq —^ Mq. The second part of the next lemma is only the first encounter of 
the typical reality condition enforced by a mixed structure. 

Lemma 2.6. Consider a mixed super vector space (V, V4, Vc). 

(a) There is a natural isomorphism SM^(M, A(M)) = r(C)M G)c Vc)o- 

(b) The following diagram is a pullback of functors on SM^; 

A(V4)-^ r*A(V4o) 


A(4)--r*A(V^o)- 

(c) In other words, we have 

SM'^(M, A(f4)) = r(OM,R,0 ®R (Vr/Vc)o) ® r(OM.o Gc (Gc)o) © r(Ojv^q ®c Vi). 

Proof. The proof is similar as in [3 Theorem 4.1.11]. □ 

Corollary 2.7. The category SM^ admits all finite products and the full subcategory 
is closed under finite products in SM^. 

Let Mq be a mixed manifold. Consider the sheaf Tmq whose sections over Uq are 
complex linear derivations of OmqIc/o the subsheaf Tmq.r of those derivations 
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which restrict to derivations of Omq,rIuq- Then TmojR contains a complex ideal 
Tmo,C of derivations which annihilate Omq,rIuq- The quotient by this sheaf is (non- 
canonically) isomorphic to the sheaf of derivations of Omq.r- 

Now, if M is a mixed supermanifold, the complex tangent sheaf is the sheaf 
Tm whose sections over Uq are the complex linear superderivations of Om\uo- 
analogy with the definition of the real functions, one defines the real tangent sheaf 
by the pullback 


TjU ^ ^ A4q j 

where the lower arrow takes a vector field to its underlying vector field. 

An important point is that, although Tm,r is not closed under brackets, its even 
part is and consists of those derivations which restrict to derivations of Om,r- In 
analogy, one defines Tm,c Q Tm,r in terms of 7m, Tmo and 7mo,c- Then (Tm,c)o ^ 
(Tm,r)o is an ideal. 

The tangent space T^M at m G Mq is the complex super vector space of complex 
derivations Om,™ C. This comes with a mixed structure by considering the 
real subspace (T^M)* consisting of those derivations which induce a derivation 
OMo,R,m R together with its complex subspace (TmM)c of those derivations in 
{TmM)R which vanish on OMo.R.m. 

2.2. Mixed Lie supergroups. In this section we give a brief review on basic 
results concerning mixed Lie supergroups. 

2.2.1. Equivalence of mixed Lie supergroups and mixed super pairs. 

Definition 2.8. A mixed Lie supergroup is a group object in SM'^. 

First we characterize mixed Lie groups, i.e. mixed Lie supergroups with trivial 
odd direction. For a real (resp. mixed) Lie group G we will use the notation LieK(G) 
(resp. Liec(G)) for the Lie algebra of left-invariant derivations of the sheaf of real 
valued smooth functions (resp. sheaf of complex functions). 

We define a mixed pair to be a pair (gc, G®™) consisting of a real Lie group G®™ 
and an Adco™-invariant ideal gc Q LieR(G®"‘) endowed with a complex structure 
which is respected by the adjoint action of G®™. 

A morphism of such pairs is a morphism of Lie groups such that the differential 
at the identity respects the complex ideals. 

Lemma 2.9. The categories of mixed Lie groups and mixed pairs are equivalent. 

Proof. This follows from the Baker-Campbell-Hausdorff formula as in the case of 
complex analytic structures on Lie groups. □ 

As usual, the adjoint representation of a mixed Lie group G is the differential 
at the identity of the conjugation action of G on itself. It can be seen as a mixed 
morphism G x A( 0 r) A(gR). 

Now, we turn our attention to mixed Lie supergroups. A mixed super pair 
consists of a pair (g. Go) where Gq is a mixed Lie group and g is complex Lie 
superalgebra together with 

(a) an isomorphism Liec(Go) = go, and 
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(b) an action tr: Go x A( 0 ) A(g) such that o'(g)|A (05 g) = Adop and the 
differential of cr acts as the adjoint representation 

da{X){Y) = [X,Y]. 

There is an evident notion of a morphism of mixed super pairs and the following 
result follows along the same lines as the corresponding for real and complex Lie 
supergroups. 

Proposition 2.10. The categories of mixed super pairs and mixed Lie supergroups 
are equivalent. 

Proof. See [71 7.4]. □ 

An important notion is the following. 

Definition 2.11. A mixed real form of a complex Lie supergroup G is a mixed Lie 
supergroup Gr together with a group morphism i: Gr —>• G such that io: (Gr)o —t 
Go is the inclusion of a closed subgroup and die - Te(Gs,) —>■ Tf.{G) is an isomor¬ 
phism. 

Remark 2.12. Any mixed real form Gr ^ G yields a mixed real form (Gr)o ^ Gq. 
Conversely, given a mixed real form (Go)r ^ Go, the pullback 

Gr -^ r*(Go)R 


G-^r*Go 

is representable and defines a mixed real form of G. For that reason, we will adopt 
the notation (Gr)o = (Go)r = Gq^r. 

Example 2.13. Finally, we come to discuss the example of linear supergroups. 
Let (E, 1 r,Vc) be a mixed super vector space. Then we have the complex Lie 
supergroup GL{V) given by the complex group GL{Vq) x GL(Vj) and the Lie 
superalgebra fll(E). An element of GL(V){T) is given by an automorphism over T 
of the trivial vector bundle Vrp = T x A(t4) —>■ T. 

Consider the subgroups of those even invertible isomorphisms of V respecting 
Vc or the pair he C 14- We will denote them by 

GL^^{V)o,R ^ GLf^{V)o < GL{V)o. 

We then define the two group-valued functors GL>^(y) and GL^ly)^ on SM^ 
by the pullback 

GLf^{V)^R) --r*GL^(t/)o.(R) 


GL{V) - ^r*GL{V)o, 

where it is understood that the quantities in parentheses are only present in the 
latter case. 

The inclusion LieR(GL^(C)o,R) C g[(y)o only defines a mixed structure in the 
cases Vc = Vi and Vc = V. In this case GL^{V)r is representable and is a mixed 
real form of GL{V). In general, GL^(C)(r) is not representable. 
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2.2.2. Actions of mixed Lie supergroups and their point functors. A left action of 
the mixed Lie supergroup G on the mixed supermanifold M is given by a unital 
and associative map a: G x M M. The map a'^ can be made explicit in terms 
of two more basic objects. First, let a denote the action Gq x M ^ G x M ^ M. 
Then any g € Gq (considered as a map g: A({0}) —>• G) gives a map 

ag-. M ^ A({0}) X M GqX M —^ M. 

Secondly, the action gives rise to a Lie superalgebra antimorphism 

p: 0 -^ r(TM), X^{exMfo{X®l)o a" (2.14) 

and we have 

(a) p|0g(A) = (A (g) 1) o fll*, and 

(b) p{g -Y) = {a-^f ■ plY) ■ a\. 

Conversely, given an action a: Gq x M ^ M and p satisfying (a) and ( 6 ), then one 
can construct an action G x M ^ M (cf. [71 Propositions 8.3.3, 8.3.2]). 

Now let G be a mixed Lie group and M a mixed supermanifold and consider 
an action a®™: G®"* x M —>■ M. This gives rise to a Lie algebra morphism 0 r ^ 
r(TM,R)o- The connection between such an action and an action of G is made 
precise in the next lemma. 

Lemma 2.15. The action a®"* extends to an action a: G x M ^ M if and only if 
0 fits into the following square 

0 R -^ r(TM,R)o 


0-^ r(TM)o- 

the lower horizontal arrow being an antimorphism of complex Lie algebras. The 
extension is unique if it exists. Equivalently, the restriction of the upper horizontal 
arrow to 0 c factors as a complex linear map through r(‘JM.c)o- 

Proof. Uniqueness is clear since any element A € 0 can be written in the form 
Ai + iX 2 for some Xj G 0r. If the extension in the diagram exists, then the 
differential TG^ xTM ^ TM \s complex linear on TG^ x TM —>■ TM, which 
proves that the action extends to G x M. □ 


Let T be an arbitrary mixed supermanifold. Consider a morphism <po: T —>■ G 
and a homogeneous derivation A: Og —>• (eTo)*OT along ct - T ^ ^ G. 

Given this, we construct a homogeneous derivation along ipo as follows: 


(vpoxT)«o( 1 ®A)om* 

ipo ■ X: Oc -^ (Mo)*(‘/^o X eT)o*OTxT 


A« 


(v?o)*Ot- 


Similarly, for two homogeneous derivations A and Y we set 

X • y := o {po)*iix (g) 1) o (1 (g)y)) o pK 

Now, suppose G acts on M and let A and Y be as above. We set 

(AxM)“ 


(l®A®l)o(Txa)# 

p[^) . UtxM -^ yJTxTxM 


0 


TxM- 
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Then p{X) is the OT-hnearization of p{X) where px' T x M ^ M is the 
projection. From the associativity of the action it follows that 

piX-Y) = {-l)™^\piY)op{X). 

Let n > 0, then r(OA(-Co|n)) is the exterior algebra on generators iji. As usual, 
given a non-empty subset I C {1,..., n}, we set = Hie/ ''7*: where we implicitly 
use the ordering on I induced from the standard ordering on {1,, n}. 

Lemma 2.16. Suppose G is mixed and acts on the mixed supermanifold M. 

(a) Ani/ v? € G(A(C 0 l”) X T) is uniquely determined by po € G(T) and homo¬ 
geneous derivations Xj along ex of degree |/| and 

n 

• n (i + ■ 

k=l fcG/C{l,...,fc} 

(b) Moreover, under this identification, the morphism a,p, defined as the com¬ 
position 

(A(C°I”) xT X a) o ((prA(coin)xT, v) ^ M): A(C°I”) xTxM -^ A(C°I") xTxM, 

takes the form 

4=n(i+ n 

k=n fce/C{l,...,fc} 

Proof. The hrst part is proved by induction on n and the second part then boils 
down to {p X M)^ o a** = (G X a)** o aK □ 

2.3. Mixed real forms of principal G-bundles. Suppose given a mixed su¬ 
permanifold M and a group-valued functor G on SM^. A principal G-bundle is a 
functor P on SM'' together with a right G-action and a map tt: P —>■ M equivariant 
with respect to the trivial action on M such that for each m G Mg there exist an 
open neighbourhood U and equivariant isomorphisms U x G ^ P\u over U. This 
reduces to the usual definition if G is representable. 

Later we will need to build real forms of certain principal bundles. This will be 
done so with the help of the following lemma. 

Lemma 2.17. Let G be a complex Lie supergroup with mixed real form Gr. Let 
P ^ M be a principal G-bundle over a mixed supermanifold M and Po,r Pq a 
reduction of Pq to Go,r. Then the pullback 

-Pr-^ G(Po,r) 


P --G(Po). 

is a principal Gm-bundle. 

Proof. We observe that Gr acts on Pr by the universal property of the pullback 
and the map Pr —>■ P — > M is equivariant with respect to this action. So we 
only need to show local triviality. We choose trivializations ipt: Ui x G ^ P\ui on 
coordinate charts Ui = A(V]r) on M. They come with retractions ri'. Ui ^ {Ui)o. 
Without loss of generality, we may assume that Po,R|(;7i)o trivial, too, say by maps 
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^i'- (C^OoxGor ->■ -Po,R|(; 7 i)o- The(/ 5 i induce trivializations : (J7i)oxGo ->■ Po\{Ui)o 
which differ from (i/'Oo by maps gi: {Ui)o —>■ Go in the sense that 

‘fi = iA)o o {iUi)o X ao) o ((id(; 7 ,)o,gi) x Go): (Gi)o x Go-^ -Po|(Ui)o- 

Denoting by a the composition Gq x G —>■ G x G —>■ G, we now set 

■01 = V'* o {Ui xa)o {Ui X gtx G)o ((idy,,ri) x G)-. Ut x G ^ P\ui, 

which is still a trivialization. Then {ijji)o = 0i) and the universal property of the 
pullback now shows that '0j, restricted to Ui x Gr , gives a trivialization of Pr | [/; • D 

2.4. Tangent bundles and frame bundles of mixed supermanifolds. Sup¬ 
pose M is a mixed supermanifold locally modelled on the mixed super vector space 
{V, 14, Vc). The sheaf 7m is locally free on V and glueing leads to the mixed total 
space TM ^ M. If i: Mq —>■ M is the canonical inclusion, then 

i*TM = TMo © TMi 

for certain complex bundles {TM)j Mq (in the category of mixed manifolds). 
Actually, we have {TM)o = TMq. 

Define V_rp = T x A(D) —>• T to be the trivial vector bundle over T with fibre 
A(D). There is a vector bundle of homomorphisms }iom{y_M,TM) —>■ M and the 
T-points of the total space are given by squares of vector bundles 

Vr—^TM (2.18) 


T - -^M. 

Equivalently, a T-point consists of a tuple {f,<f) consisting of a map f: T ^ M 
and a map (p: V_rp f*(TM) of vector bundles over T. 

Another point of view is the following. Let Jy be the (fc + l)-truncation of the 
free supersymmetric algebra on V: 

:= Sym(D)/(E)'=+b 

Define Spec(Jy) to be the complex superspace with reduced space a point and Jy 
as algebra of functions. We set J^M := Hom(Spec(Jlt^),M), i.e. 

SM^(r, Jt'M) = LRSc(T X Spec(J[t^),M), 

where LRSc denotes the category of locally ringed superspaces over C, compare 
[21 5.4]. The inclusion 0 —^ D induces a map Spec(JJy) —>■ * which in turn induces 
lm ■ JJyM —5- M by precomposition. By inspection we have lyM = Hom(Ej\.^, TM) 
over M. 

The frame bundle of M is the open subsupermanifold of YioTtv{y_M ^TM) char¬ 
acterized by 

L{M)(T) = {{f,(p) € Rom{V_j^f,TM){T) \ ip isomorphism}. 

In terms of squares: (/, p) S L{M){T) if and only if the associated square (I2.18|l is 
a pullback. This is a principal GL(D)-bundle over M. 

We have L{M)o = L(TMq) Xm L{TMi), and thus the mixed structure of M 
yields subbundles 

L^{M)o,m ^ L^{M)o ^ L{M)o, 
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where L^^{M)o (resp. L''(M)o,r) is the subbundle of those frames which map Vc to 
TMc (resp. (14,14) to {TMr,TMc)). By pulling back, we obtain the bundles 

L^(M)(k) --r*L'^(M)o.(R) 


L(M)-^ r*L{M)o. 

The structure group of is precisely GL''(1 ^)(r), and this functor of 

frames is representable precisely for supermanifolds and complex supermanifolds, 
that is, in terms of local models 14 G {l^i, l^}- 

All these principal bundles have associated bundles that fit in a square 

TMr -^ r*r(Mo)R 


TM - ^r*T{Mo), 

which is a pullback in view of the pullback square defining Tm,r in terms of Tm, 
7Mo and 7mo,r- 

3. Geometric structures on mixed supermanifolds 

We can now define the notion of a geometric structure on a mixed supermanifold. 
Let G 4 GL{y) be a closed mixed Lie subgroup, i.e. Gg™ 4 GL{V)f^ is closed 
and Go 4 GL(4)o is a mixed embedding. 

3.1. Basic definitions. 

Definition 3.1. A G-structure on M is a reduction P of L^{M)-r to G. Equiva¬ 
lently, it is a reduction P of L{M) such that Pq L{M)o factors through L''(M)o,r. 

Any G-structure P comes with a canonical 1-form "d: TP V_p. It sends a pair 
{f,X) £ TP{T), considered as the data of a map / = (tt o /, (^): T —^ P and a 
section X of f*{TP), to the composite 

T f*{TP) (tt o f)*{TM) V_p V_p. 

The differential of the canonical 1-form 'd: TP ^ y_p is a 2-form dd: A^TP —>• y_p. 

Lemma 3.2. Let V: P x g — ^ TP be the restriction of the differential of the action 
P X G ^ P. For all A: S' —>■ and x: S ^ TP with same underlying map S ^ P 
we have 

dd o (V(A) Ax) = -A{d{x)) : S-^ Vp. 

Proof. This is Proposition 4 in [9]. □ 

Remark 3.3. Although we will make no use of it, we remark that, in analogy with 
the usual definition, one can define a G-structure to be flat if Af can be covered by 
coordinate charts Ui =V such that the square determined by the coordinates 

Vp. -^ TM 
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which is contained in L{M){Ui), lies in P{Ui). 

3.2. Prolongation. 

3.2.1. Unrestricted prolongation. Adapting the classical construction m. we will 
in this subsection associate with a G-structure P on M a tower of prolongations 

____s. p{k) _ ^ p(fc-i)_ ^ ___ _ s. p(i)_ ^ p(o) _ p _ ^ 

where pld jg a reduction of P(p(*)) to Here G^°^ = G and G*^*^ is 

a vector group for alH > 1 . 

Remark 3.4. Given a super vector space, the associated supergroup structure on 
A(H) will be denoted by V. More generally, if a Lie supergroup G acts linearly on 
a complex super vector space V, then the associated semi-direct product will be 
denoted by G k H instead of G k A(H). 

It will be convenient to introduce a name for the representation of G on H: 
a: G —>• GLly). Applying JIy(—) to G —>■ P —>■ M yields a principal JyG-bundle 
JyG— 5 >JIyP—and the usual identification PG = G Xad 0 gives an isomor¬ 
phism of groups Sy(G) = G Kad Hom fy. g), where G acts via its adjoint represen¬ 
tation on g. The bundle of horizontal frames is defined by the pullback 

^ J^P 

dTT* 

P-^ S\,M. 

Its S'-points are the squares 


5-^P 

such that the composite square 

Vg -^ TP -^ TM 


S -^ P-^ M 

lies in P{S). Moreover, IK is the total space of a principal G Kad Hom fy g)-bundle 
with respect to the map dir^,. We need to construct an action of G Kq Hom fy. q). 
The group G acts via a on JJy(P) by precomposition. Together with the action 
of Hom fy. q) < JJy(G), this yields an action of G k^ Hom fy g) on Jy(P), which 
restricts to an action on J{. The composition ip: IK —>■ JyP —> P is equivariant if 
we let act G k^ Hom fy g) trivially on P. Moreover, dTr* is equivariant with respect 
to this action if we let act G k^ Hom fy g) on P via the projection to G. 

The canonical vertical distribution V: ^ TP gives rise to a map JyP ^ 

Jy^gP and the composition Jf ^ factors through L{P). Moreover, the 

GL{V © g)-action on L{P) is seen to restrict to the action of G k^ Hom fy g) ^ 
GL{V © g). This identifies 6p : IK —>■ P as a reduction of L{P) to G Xr, Hom fy. q). 
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As usual, 0 *^^^ is defined to be the kernel of the super-antisymmetrizer d: Hom fV. 0 ) 
Honi(V ®V,V) ^ Hom fA^y^, V), 

{dS){v,w) := l{S{v){w) - 

and the hrst prolongation > P is obtained from J{ —>• P by two successive 

reductions of the structure group to 0 ^^^ using the following lemma. 

Lemma 3.5. Consider a short exact sequence of mixed Lie supergroups 

1 --^ 1 . 

Let tt: P —>■ P be a G-principal bundle and assume that there is a G-equivariant 
map f: P ^ K. Then P/H B is a principal K-bundle and as such isomorphic to 
the trivial bundle. Moreover, the map (tt,/); P ^ B x K is a principal H-bundle. 

Proof. Since any map of principal bundles is an isomorphism, it suffices to construct 
a AT-equivariant map P/H B x K over B. But such a map can be constructed 
from the G-equivariant map {tt, f): P —>• B x K since H acts trivially on the 
target. □ 

The first step is a reduction to Hom fVl 0 ) ^ G Kq, Hom(V, 0 ). We have two maps 
dTT*, tp: K ^ P over the same map to the base M. Fibrewise comparison yields 
a map d: —>■ G. It follows now from the equivariance properties of dTr* and Lp 
that d is G ix^ Hom (F. 0 )-equivariant if we let this group act from the right on G by 
g-{g', ip) = {g')~^g. Now we can apply Lemma [T5] and see that (ip, d): TC ^ PxG 
is a principal Hom fV, 0 )-bundle. Pulling back along the inclusion Px{l}^PxG 
yields the bundle of compatible horizontal frames GTC —^ P, a reduction of L{P) to 
the group Hom fF. 0 ). Its S'-points consist of those squares (/, h) such that T{7r)oh = 

f G PiS). 

The second reduction is a little bit more elaborate. For a section u: P —5> y_p 
and a map f: T —)• P, we will use the shorthand Vf := {f x A(ld)) o v: T ^ V_p. 

Lemma 3.6. For all compatible horizontal frames {f,h) S C!H(r) and all sections 
x: T ^ Vjp, we have 'd{h{x)) = xj: 



Proof. This follows immediately from the definition. □ 

Consider (/, d) € CIK(S'). The torsion is defined to be the composition 

c(/, h ): A'^Vg A^TP Vp. 

Equivalently, it is given by a map 

c'{f, h ): S -^ HomfA^E. V). 

By naturality, we obtain a map c: Cdf —)■ Horn fA^V, V). Now consider two distin¬ 
guished squares over / with horizontal parts h and h'. As GTC —>■ P is a principal 
Hom fE. gVbundle there is a unique map S(f^h'),(f,h) '■ Y-s flp / such that 
d' = h-\-VoS(^f j,i') (^f fiy By adjointness this can be viewed as a map (f h) ' ^ ^ 
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Hom(y, g). Then, by Lemmas 13.21 and 13.61 we have that for any two sections 
v,w: S ^ y_g 

c{f, h'){v Aw) — c{f, h){v Aw) = d-d o h'{v) A h'{w) — d-d o h{v) A h{w) 

= dd o {h'{v) — h{v)) A h'{w) + dd o h{v) A {h'{w) — h{w)) 

= ddo{Vo S(^f^h'),{f,h)iv)) A h'{w) +ddo h{v) A (V o S^f^h'),{f,h)iw)) 
= -ddo{Vo S(^f^h,)^(^f^h){w)) A h{v) 

= -^{f,h'),{f,h)iv)iwf) + S(^f^h'),{f,h)iw)ivf). 

In other words, 

c'(/,/i')-c'(/,/i) = 

and if we let Hom(I/, g) act on Hom fA^V, V) via (—2)9, then c: Cdf ^ Hom fA^V. V) 
is Hom(y, g)-equivariant. Now, we have the exact sequence 

0-^ g(^^-s- Hom ffo. g) — Hom fA^fo. V) -^ g)-^ 0. 

Consequently, any splitting s of im(9) —>■ Hom fA^V. V) gives rise to an equivariant 
map CJf -A im(9) and Lemma 13.51 applied to the short exact sequence 

0-s- g(^)-^ Hom ffo g) —im(9) -^ 0 

shows that Cdf -a P x im(9) is a principal g^^^A^undle. Finally, by pulling back 
along P X {0} -A Px im(9) one obtains the first prolongation P^^'^ -A P, a reduction 
of L{P) to g^^^ which consists of those compatible horizontal frames with torsion 
contained in C := ker(s). 

The higher prolongations are now defined inductively: pd+'^) := (p(d)(i), get¬ 
ting g^“^^ := V and g^°^ := g, we arrive at the following inductive description of 
g(^) for fc > 1: 

= {X G Hom(g^“^^,| X{v){w) = (—for all homog. v, w}. 
By inspection, we have 

(g(i))g C (Hom(F,g)o)'" C Hom (F, g)n, 

i.e. any / G (g^^^)o satisfies /(Vc) C gc. This implies that C L^(p(^“^)). 

3.2.2. The real prolongation. The prolongations p(^+^) -a P^^'l defined so far only 
provide reductions of L^{P^^~^'>). To prove representability for the functor of auto¬ 
morphisms of a G-structure of finite type, we need to single out the real prolongation 
which provides a reduction of For this to be possible, we need to im¬ 

pose a condition on the G-structure. 

To that end, consider the subspaces 

(Hom (F, g)n)g C (Hom (F,g)n)^ C Hom (F,g)n 

consisting of even linear maps / satisfying /(Vfc) C gc or /(Fr, Fc) C (gR,gc), 
respectively. 

Recall the bundle of compatible horizontal frames with the map CJ{ -A P x 
im(9). One readily constructs (CfKo)R Q (CfKo)^ ^ with structure groups 
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f Hom fK q'ln'lp.^. Pullback along the inclusion Pq x {0} —>■ Pq x im(5)o yields 
— -^ 0 ^^ with structure groups given by the pullback 

(0^^^)o.R-^ (Hom(P,0)o)fji) 

(0^^^)o-^ Hom(P, 0 ) 0 , 

where once again, it is understood that the quantities in parentheses are only present 
for the case of (Po^^)r' Inductively, we obtain (Po^^)r — 
structure groups given by the pullback 

(0^''^)o,R-^ (Hom(P,0('=-ii)o)^jj) 

(0<"^)o--HQm(P,0('=-i))o. 

Definition 3.7. A G-structure is called admissible if, for all A: > 0, (0*'^^)o,r defines 
a mixed structure on (0^^^)o- 

Assume now that the G-structure is admissible. Since (0^^^)o C ( Hom (P. 
we have that = Pq^^ structure group of (Po^^)r = Pqr is by 

definition (0 ^^^)o.r- Pulling back c*Pgg —>• along pi^i —>• r*PQ^^ gives the 

functor Pr^\ which is representable in view of Lemma 12.171 and the assumption on 
the G-structure. All in all, this yields the real prolongation: 

p(^) _ _ _ p(l) _ p(0) _ p _ T\/r 

x-R x-jg • • • x-jj x-jg — jr ivi. 

(k) 

The structure group of the fcth real prolongation will be denoted by G^ '. 

4. Automorphisms of G-structures 

The main object of study in this paper is the functor of automorphisms of a 
G-structure, which we presently define. 

4.1. The functor of automorphisms of a G-structure. Let M be a mixed 
supermanifold. An automorphism f-. SxM^SxM over S is called an S-family 
of automorphisms of M. Such morphisms assemble to a functor Diff (M) given by 

Diff(M)(5') = {f: SxM^SxM\f an S'-family of automorphisms of M}. 

Moreover, for any Lie supergroup G and any principal G-bundle P —^ M, we let 
Diff(P)‘^ C Diff(P) be the subfunctor of equivariant automorphisms, i.e. 

Diff (P)*^(S') = {/ S Diff(P)(S) I / G-equivariant}. 

Note that if P is a G-structure, then inducing up from G to GL{V) gives a map 
Diff(^’)® ^ and, moreover, the differential induces an inclusion 

of functors P(-): jm{M) DifffPfMD^-^i^). 
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Definition 4.1. The functor of automorphisms of a G-structure P on M is defined 
to be the pullback 

AutfPl-^ DifflMl 


An S'-point of Aut(P) is called an S-family of automorphisms of P. 

Definition 4.2. A homogeneous vector field Om —>■ {pso)*Osxm along ps'. S x 
M ^ M is called an S-family of infinitesimal automorphisms of P if the induced 
vector field Ol(m) (pso)*OsxL(m) extends to Op -)> {pso)*OsxP- For S' = =1 
this yields the Lie superalgebra aui(P) C r(TM) of infinitesimal automorphisms of 
P. The even part has a real subalgebra defined by aut(P)Qjj := aut(P)o H r(TM,R) 

Remark 4.3. There is no reason for aui(P)o,K to be a mixed real form or even a 
real form of aut(P)o- For instance, on a purely odd supermanifold all vector fields 
are real. The latter would be a necessary condition for the automorphism group 
to be representable by a Lie supergroup. For this reason automorphism groups of 
G-structures are generically mixed supermanifolds. 

In analogy with Lemma r2.161 one sees that any ip € Diff(M)(A(C°l"') x T), where 
T is a mixed supermanifold, can be uniquely written as 

= n (1 + ■ ‘^0 

k—n fcG/C{l,...,fc} 

where X[ are vector fields along pp of degree |/| and (po S Diff(M)(r). 

Lemma 4.4. Consider ip € Diff (M)(A(C°I") x T). Then ip € Aut(P)(A(C°l") x T) 
if and only if ipo G Aut fPl (Pi and all Xi are T-families of infinitesimal automor¬ 
phisms of P. 

Proof. The condition is clearly sufficient. So, assume that ip is an A(C°I”) x P- 
family of automorphisms of P. Then ipo is a T-family of such automorphisms since 
it is obtained by restricting along the inclusion P —^ A(C°I”) x P. Now one proceeds 
by induction on n to show that all A/ are infinitesimal automorphisms of P. □ 

4.2. Prolongation of automorphisms of G-structures. 

Proposition 4.5. Let P be an admissible G-structure on the mixed supermanifold 
M. There is a natural inclusion of group-valued functors Aut fPl —>■ Aut (Pp_^^). 

Proof. This follows by repeatedly applying the universal property of the pullback 
in the construction of P^'^ ■ □ 

4.3. The automorphisms of a {l}-structure. We now come to the issue of 

representability of Aut fPl. Before proceeding to higher order G-structures we need 
to treat the simplest case G = {!}. Then a G-structure is simply a parallelization 
4): ^ TMr. Such a $ induces an even real vector field on M x A(14) : 


P(M X A(14)) 
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and Aut(<&)(S') consists of those automorphisms making the diagram 


S X M X 


f xVm. 


S X M X 


Sx$ 


S X TMr 
df 

S X TMr 


commutative. 

We first show that i*Aut($) is representable. To that end, we endow Aut($)o := 
Aut (<i>lf*) with the structure of a Lie group acting on M. 

Recall that there is a forgetful functor sending a mixed manifold to its under¬ 
lying smooth manifold. (We prove in Section 17.11 that such a functor does not 
exist for mixed supermanifolds.) Consider the underlying parallelization $0 ^ Mq x 
■A((14i)o) T{Mo)r and its underlying smooth morphism : Mq™ x (14)o 
TMq"^. In order to define a topology on Aut(<l>)o, we need the following fact. 

Lemma 4.6. The forgetful map Aut($)o —>■ Aut($o), s 1 —>■ sq, is injective. 

Proof. Deferred to Section H31 □ 

Moreover, we have that Aut($o) C Aut($Q™) are precisely the elements which 
preserve the mixed structure on Mg™. 

By a result of Kobayashi [T^], any point x S Mg gives rise to a closed injection 

Aut($g™) ^ ^ 0 ™. s s(a;) 

and with this topology, Aut($g™) is a Lie group such that the evaluation map 
ttg™: Aut($g™) X Mg™ —>• Mg™ is smooth [3]. This topology is the coarsest such 
that for all / G r(OM™), the map Aut($g™) ^ r(OM™), s M- s^{f), is continuous, 
where r(OM“™) is considered as a Frechet space with respect to the family of 
seminorms \f\K.d = sup^|i9/|, K C Mq compact, d differential operator. In this 
topology, s„ s if and only if si{f) s#(/) in r(OMg’") for all / G r(OMo"™)- 
Being mixed is a closed condition (locally equations of the form dzS^{f) = 0 
for all / G Om), hence Aut($o) ^ Aut($g™) is closed. Then we get a Lie group 
Aut(<I>)g™ C Aut($o), in view of the following lemma. 

Lemma 4.7. The subspace Aut($)o C Aut($o) is closed. The topology on Aut(<I>)o 
is such that s„ —> s implies that for all pairs of coordinate charts U, V such that 
Sn{U) C V for all n large enough, all the coefficients in the Taylor expansion of 
■Sn(/)> / S r( 0 M|v )7 with respect to the odd coordinates converge in Om‘'^{Uo). 

Proof. Deferred to Section 1431 □ 

In particular, we have an action Og: Aut(4’)g™ x Mg —>• Mg and this is a mixed 
map since it is so pointwise. 

Lemma 4.8. The map Og extends to the action 

^ OAut($)g™xMi f{ss'^{f)). 


Proof. Deferred to Section H31 


□ 
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As explained in Section 17.21 even real vector fields have unique maximal flows. 
Using this, the action above and the description of the topology on Aut(<l>)g™, one 
obtains an isomorphism 

LieR(Aut($)p"") = aut($)g_][j := {X e r(TM.R)o I [-A, Z] = 0,X complete} C aut($). 
Then C-linearization yields a Lie algebra morphism 

C (g) aut(4>)§_jj-^ r(TM)o 

and the kernel is of the form 

aut(<i>)g :={l(8)*u — z(g)u|uG aut($)g 

for a complex invariant ideal oui($)g ^ C aut($)g jj. This yields the mixed structure 
Aut(<i))o on Aut($)g'" and, on general grounds, the quotient 

(C (g) aut($)g R)/aut($)o c := aut($)g’‘' C aui($)g 

is the Lie algebra of left-invariant derivations of OAut(3>)o- It is the algebra of com¬ 
plete decomposable infinitesimal automorphisms in the sense that any of its elements 
can be written as the sum v -\-iw of complete real vector fields v and w. Moreover, 
with this structure a: Aut($)o x M ^ M is a, mixed morphism, by Lemma [2.151 
Finite-dimensionality of the full algebra of infinitesimal automorphisms is en¬ 
sured by the following lemma. 

Lemma 4.9. Assume that Mq is connected. For every p G Mg, evaluation aut(<i>) 
TpM, X i-A- X{jp), is injective. If Mq is not connected, the analogous statement holds 
true if one chooses one point for each connected component. 

Proof. Deferred to Section l4Al □ 

Moreover, the conjugation action of Aut($)o on r(TM) restricts to an action 
on aut(<i>) and the differential of this representation is simply the restriction of the 
adjoint representation 


aut(<i))gX aut($)-^ aut($). 

The following result shows that Aut(<l>)o has the correct topology and mixed 
structure. 

Proposition 4.10. The functors i* Aut f4>l and M''(— , Aut($)g) are naturally iso¬ 
morphic. 

Proof. Given a map Tg —>■ Aut($)g, the action of the group yields a map TqX M ^ 
Tq X M. Conversely, take an element f : Tq x M ^ Tg x M in Aut (4>l(Tn). The 
obvious candidate f : Tq ^ Aut($)o is a smooth mixed map since the composition 

Tq — ^ Aut(4*)Q — )■ Mq 


with evaluation at some m G Mq equals /o(—, toq) which is smooth and mixed. □ 
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4.4. The automorphisms of a G-structure of finite type. 

Definition 4.11. An admissible G-structure is of finite type if there exists a fc > 0 
such that = {1} for alH > 0. 

The main theorem is as follows: 

Theorem 4.12. Suppose P ^ M is an admissible G-structure of finite type. Then 
i* Aut (P) is representable and its (real) Lie algebra consists of the complete real 
infinitesimal automorphisms of P, denoted by aut(P)gg. 

Moreover, aut(P) is finite-dimensional and the functor Aut fPl is representable 
if and only */aut(P)g'^ = aui(P)o. 

Proof. We choose k > 0 such that = {1} for all I > 0. Then we have an 

embedding Aut(P) Aut fP^^h. Hence, aut(P) is finite-dimensional in view of 
Lemma IT^ Let $ be the given parallelization of the real tangent bundle of P^^ 

We show that the inclusion 

Aut(P)(*) C Aut(<i))(*) = Aut(4>)Q'" 

is closed. Recall that the topology on Aut($)g'” C is such that Sn s 

implies that locally all sf^(f), f G r(0 (fe_i)|y), converge in the closed subspace 

Op^.-i)(Po) - 0O(pf-i))„(f^o) ^ 0O(pf-i))g-(^o), 

where the number of summands is 2^*, d denoting the odd dimension of Pjg . 

Now assume s„ G Aut (Pl(*l and s^^ s. From the construction of the pro¬ 
longation, it is clear that one obtains a diffeomorphism s: M ^ M with fcth pro¬ 
longation equal to s. From equivariance it now follows that s is actually in 
Aut(P)(*). 

Next, assume that the action Aut(Pgx P^*^ ^ P^ ^ is smooth. Restricted 
to Aut(Pg ^)o'”, it is pointwise equivariant, hence it is itself equivariant and thus de- 
scends to an action on P^ . This action gives the identification of the Lie algebra 
of Aut(P)g™ with aut(P)g jj, and the mixed structure is now defined as in the case 
of Aut(<i>)o. Then the action just defined refines to an action Aut(P)o x M —>■ M 
by Lemma l2 . 151 and, using this, similar as in the situation of the automorphisms of 
a parallelization, one deduces that z*Aut(P) = Aut(P)o. 

Clearly, if Aut (P) is representable, then aut(P) can only consist of complete and 
decomposable vector fields. Conversely, if aui(P)g = aui(P)o, then 

Aut(P) = (aui(P), Aut(P)o) 

forms a mixed super pair. The action defines a map SM'^(—, Aut(P)) ^ Diff lMl. 
and in view of Lemma |2. 161 it factors locally through an isomorphism to Aut (Pi. 
Hence, it factors globally as an isomorphism SM^(—, Aut(P)) = Aut fPl. □ 

4.5. Proofs of Lemmas 14.6114.71 [4!^ and 14.91 

Proof of Lemma Let s G Aut($)o be such that so = id. In order to see that 
this implies s = id, we consider, for fc > 1, the restriction of s to the (fc — l)th 
infinitesimal neighbourhood 

(s('=-i))»: 0M/a'= 


(so)*Om/0*- 
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We have = Sq = id. 

Now, we choose a homogeneous basis {z;i,..., Vn, Vn+i, • ■ ■, Vn+m} of and local 
coordinates {gi,..., qn+i, • ■ ■, Qn+m} on an open subset C/q containing m S Mq. 
Here, the first n (respectively last m) entries are assumed to be even (resp. odd). 
In the given basis 

Zvt, — Akldqi 
I 

for some even invertible matrix A = (Aki) G GLom(Om(Ho)"I’"). The requirement 
for / to lie in Aut($)o reads 

Jf = A-^op{A) 

where Jf = {dq^f^Qj)) and we denote the natural extension of /** to matrices by 
the same symbol. 

So assume = id. We have 

= A-^ o + g'=([/Q)("l™)x(»|™) 

and this implies = id. □ 

Proof of Lemma [23 Let {s„} be a sequence in Aut(‘I>)o such that {(s„)o} con¬ 
verges to some s. We have to show that s = sq for some suitable s G Aut($)o and 
that Sn converges to s. Without loss of generality all (s„)o lie in one coordinate 
chart (in Aut($o)) and since ag™ is smooth we may choose open subspaces U and 
V with coordinates {pi} and {qi} respectively such that every s„ restricts to a map 
U ^ V. Let us organise the coordinates into even and odd functions {pi} = {xi, pj}, 
{ft} = {Vij f,j}- 

In these coordinate charts the condition for to lie in Aut($)o reads 

J{sr^) = A-si{B) 

for certain invertible matrices A and B where J{sn) = ippishiqi))- Starting from 

s(o)“ := we inductively define ^ OMlt^^{Uo) with 

reductions s. The construction will be such that the following holds: We have 
(sn V(/) ^ (s^"^)“(/) for all / G (OM/a'=+^)(foo). Here, is consid¬ 

ered as a subspace of 0 Om»”‘(Go), where the number of summands is 2™. 

The respective lifts will be determined by the Jacobian which naturally 

has values in matrices of the form 

( Om/^ \ 

V Om/^ ) ■ 

There is a projection from -valued matrices to such matrices. The image 

of a matrix A will be denoted by A'^. 

Assume that k is even and has been constructed such that 

J(sW) = 
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First, we have to set for qi even. The odd-odd sector of 

the Jacobian determines for qi odd: In fact, it follows that 

n 

= lima,.(si'=+i))»(C,). 

These derivatives fit together to give a well-defined ) since the differ¬ 

ent partial derivatives fit together, that is, for any multiindex /, |/| = fc -I- 1, with 
? 7 i, ry^/ G /, we have 

since this equality holds for all s„. With this definition we have = lim„(sl*~'’^^ 

which ensures by continuity. 

If k is odd and has been constructed in such a way that 

then one can proceed similarly. There are no changes in the pullbacks of odd 
coordinates and the pullbacks of the even coordinates are forced by the respective 
equation for the odd-even sector of the Jacobian. Again, = lim(sn^^)**. This 

yields the construction of s|c/: Oy —>■ (so)*Oc/- By uniqueness fLemma 14.61) . these 
s |{7 coincide where two coordinates patches overlap, and so we obtain the desired 
s: M ^ M. 

The statement concerning the topology is clear from the above considerations. 

□ 

Proof of Lemma \4-S\ Similary as in the preceding lemma, starting from := 

(og)#, we inductively construct (ao)*OAut($)g'"xM/5''’''^- 

First we choose some neighbourhoods IT C Aut($)g"* and U, V C M given by 
coordinates {pi} = {xi,rij} and {qi} = {yi,£,j} such that Oq restricts to 

IT X t/o-^ Vb- 

Then, if A and B are as in the proof above, the map (a')® to be constructed will 
be characterized by 

= A{a')^{B). 

where denotes the submatrix {^p^{a')‘^{qj)) of the Jacobian. So, assume 

is constructed such that 

Suppose first that k is even. Looking at the odd-odd sector of the Jacobian gives 

These fit together since they do so pointwise, i.e. after specializing to any element 
s € Aut($)b™. Moreover, the identity for the Jacobian holds true, since it holds 
true pointwise. □ 
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Proof of Lemma \4-9\ We follow [S] Lemma 2.4]. li X G aut($), then := X ® 
idvi is a vector field on M x A(44) which commutes with Z (as is seen in local 
coordinates). 

Let 0-^ be the maximal flow of the even real vector field Z (see Theorem ILSI) . 
defined on V C RxMxA(44), and consider the composite <d^' = prj^o©-^ : V M. 
Note that {1} x M x {0} C V, so 0^ (1, —) is defined on an open neighbourhood 
of M X {0}. 

We have the following: For all p G Mg there exists an open neighbourhood 
P G Ug Q Mg and and open subspace V C A(t4) such that for all q G Ug the map 
(1, q, —): V ^ M is a diffeomorphism onto an open subspace. 

Indeed, the map (pr^, 0^ (1, —)) is defined on an open neighbourhood of M x {0} 
and its differential at (p, 0) is of the form 


which is invertible. 

Now, assume inj^ o X = X{p) = 0. Choose open subspaces U C M and V CV 
such that p G Ug and Q gV such that p := 0^(1,p, —): V ^ U is an isomorphism. 
Then 

ipf' o X = inj® o 0'^(1, —, —)** o pr} o X 
= injp o 0^(1, -)“ oXyo pr^i 

= inj* oXyo 0^(1, -, -)# o pr“ 

= 0 , 

where we have used Proposition 17.101 in the third line. Since is invertible, it 
follows that X = 0 on 17. 

This shows that the non-empty closed set {p G Mo|X(p) = 0} is contained in the 
open subset {p G Mg\Xp = 0}. The converse inclusion holds always, so that both 
subsets agree and are open and closed, hence they are all of Mg if Mg is connected. 
More generally, the argument shows that X{p) = 0 implies X = 0 on the connected 
component containing p. □ 

5. G-STRUCTURES of finite type on real SUPERMANIFOLDS 

Results analogous to those obtained in the mixed case hold for real supermani¬ 
folds. Their proofs are simplifications of our previous arguments, so we only briefly 
comment on them to provide precise statements for future reference. 

A real super vector space is Z/2-graded real vector space V = Vg©Vj. The model 
spaces for real supermanifols are the affine spaces A(t7) = (Vb, C^{—) © A ^i*)- 

Definition 5.1. A real supermanifold consists of a locally ringed superspace M = 
{Mg, Om) over R with second countable Hausdorff base that is locally isomorphic 
to A(I7) for some real super vector space V. The full subcategory of locally ringed 
superspaces over K with objects real supermanifolds is denoted by SMr. 

Similarly as in the case of supermanifolds, a real supermanifold has a frame 
bundle L{M), which is a principal GL(I7)-bundle. In the real category, GL{V) is 
a real Lie supergroup and so L{M) is an object in the category of real manifolds. 
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Furthermore, given a G-structure, i.e. a closed subgoup G < GL{V) and a reduction 
P of L{M) to G, one can define the prolongation without leaving the real category. 

One has a functor i: M —>■ SMr and similarly as in the case of mixed superman¬ 
ifolds, one obtains the following result. 

Theorem 5.2. Suppose P ^ M is a G-structure of finite type. Then z* Aut (P) 
is representable and its Lie algebra consists of the complete infinitesimal automor¬ 
phisms of P, denoted by aut(P)g. Moreover, aut(P) is finite dimensional. The 
functor Aut (P) is representable if and only i/aut(P)g = aui(P)o. 

6. Examples of G-structures of finite type 

6.1. Riemannian structures on supermanifolds. In this section, we treat Rie- 
mannian structures on a supermanifold M locally modelled on the mixed super 
vector space (E, Is, Vc). 

6.1.1. Even Riemannian structures. Consider an even non-degenerate bilinear form 

J-.V®V —>■ with components 0 1^ —>■ C (j € {0,1}). There is a Lie 

supergroup OSpfV, J) which represents automorphisms of the trivial vector bundle 
endowed with J: 

OSpiy, J){S) = {fe GL{V)iS) \{SxJ)o{f(g>f) = {Sx J)}. 

Proposition 6.1. 

(a) Reductions of L{M) to OSp(V, J) are in bijective correspondence with 
even non-degenerate supersymmetric maps of vector bundles TM ®TM 

(pllO 

M- 

(b) OSpiy, J) ^ GL(y) is of finite type, more precisely osp(E, = 0. 

Proof. Given an OSp{V, J)-structme on L{M), one constructs a metric on TM 
by declaring the given bases to be orthonormal. Conversely, given a metric, the 
orthonormal bases give rise to an OSp{V, J)-structure. This shows the first part. 
In order to show the second part, we observe that osp(E, J) consists of those en- 
domorphisms A: V V whose homogeneous components Ai satisfy J{AiV,w) = 
— (—J(u, Aiw). Using a homogeneous basis {vi}, the conditions for T to lie 
in osp(E, read and where we set 

yk = J{T(vi)vj,Vk). Both together imply =0. □ 

The underlying complex group of OSp{V, J) is the product of the complex 
groups OyQ,Jo) X Sp{Vi,Ji). Assume that Jq restricts to a non-degenerate bi¬ 
linear form Jo,r: (Vj 3 )R ® (1o)r —>■ R. Such a J gives rise to the mixed real form 
OSpy, J)r -)> OSpy, J) with underlying group 0((Uo)r, -^o.r) x Sp{Vi, Ji). More¬ 
over, OSpy, J)r < GL(U)r. 

Lemma 6.2. The OSpy, J)^.-structures on M are in bijective correspondence with 
even non-degenerate supersymmetric maps of vector bundles TM ®TM —>■ 
whose restriction to (TM)q (g) {TM)q C i*(TM ®TM) induce a metric T(Mo)r ® 
T(Mo)r ELmo of the same signature as Jq.r on the underlying real manifold Mq. 

Proof. This follows readily from the definition of OSpy, J)r. □ 


From Theorem 14. 121 we obtain the following result. 
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Theorem 6.3. Let M be a supermanifold with an OSp{V, J)R-structure. If Mq 
is complete and every Killing vector field is decomposable, then the isometry group 
functor Aut(P) is representable. 

Remark 6.4. In the real category the only obstruction for representability is com¬ 
pleteness of the Killing vector fields. In this setting, an isometry group was con¬ 
structed by Goertsches [TT]. (The completeness condition seems to be assumed 
implicitly.) Our results in the real case give a rederivation of this result. 

Example 6.5. The isometry group of V with the OSp{V, J)m as above is OSp{V, J)k « 
Vr. 

6.1.2. Odd Riemannian structures. In the super setting, there is an odd analogue of 
a Riemannian structure, given by an odd non-degenerate supersymmetric bilinear 
form J -. V ^ The Lie supergroup PiV, J) is defined by the functor 

P{V, J){S) = {/ e GL{V){S) I (5 X J) o (/ ® /) = (5 X J)}. 

Similar to the even case, one can show the following. 

Proposition 6.6. 

(a) The P{V, J)-structures on L{M) and the odd non-degenerate supersym¬ 
metric maps of vector bundles TM 0 TM —^ one-to-one 

correspondence. 

(b) P{V, J) < GL{V) is of finite type, more precisely p(K, = 0. 

We have P{V,J)o = GL{Vq), which comes with the mixed real form given by 
GL{{Vq)r) and thus gives rise to P{V, J)r < GL{V)r. 

For any P{V, J)-structure P on M, we have that Pq = L{Mq) and hence, it 
admits the real form Pq.r — L{Mq)r. Now, one easily concludes the following. 

Proposition 6.7. P{V, J)r- structures are in one-to-one correspondence with P{V, J)- 
structures. 

From Theorem 14. 121 we obtain the following result. 

Theorem 6.8. Let M be a supermanifold with a P(V, J)r- structure. If Mq is 
complete and all infinitesimal automorphisms are decomposable, then the isometry 
group functor Aut (P) is representable. 

6.2. Superization of Riemannian spin manifolds. Let {Mo,go) be a connected 
pseudo-Riemannian spin manifold endowed with a Spin(FQ)-structure 

p{Mo): Spin(Mo)-^ SO{Mo), 

where we set (Vg,a) = {TmMci, gm) for some m € Mq. Choose any real or complex 
C'Z(Vg,a)- or Cl{VQ,a) G C-module Vi. 

The spinor bundle is the associated bundle § = Spin(Mo) Fj —> Mg, 

which we endow with the lift of the Levi-Civita connection. Then TMo©§ —t Mq ad¬ 
mits a reduction to S'pm(Fo) ^ GL(Vg)xGL(F[) by meansof (p(Mo),id): Spin{Mo) —>• 
SO{Mo) X Spin(Mo). 

The spinor supermanifold M associated to this data is obtained by taking the 
exterior algebra of the dual S*: 

M=(Mo,F(-,A§*)). 
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It is a real supermanifold or a supermanifold depending on whether V[ is chosen 
to be real or complex. Any vector field on Mq can be extended to M by means 
of the dual connection on §*, X i—>■ Xx^ and, furthermore, dual spinors can be 
contracted with spinors. This yields an inclusion TMq © IIS TM and hence a 
Spin(I/o)-structure Pspin(Vb) ^ L{M)k. 

Any Spin(Vg)-submodule W C Hom fVn, V\) gives rise to a mixed Lie supergroup 
Spin{VQ) X W < GL{V)m.. Consequently, by inducing up, any such W gives rise to 
a Spin(Vg) x W-structure on M: 

Pspm{Vo)ixW ■= PspiniVo) {Spin{Vo) X W). 

A particular choice is 

W = {fs: Vq ^ Vi \ s € Vi, fsivo) = 1^0 ■ s}- 

Proposition 6.9. For this choice o/W, Spin(Vg) x W ^ GL(y) is of finite type, 
provided that dimM > 3. 

Proof. After choosing an orthonormal basis {ci} of Vg, everything boils down to 


* Sj — Cj * 

for all i and j and certain Si G Vj, which implies sj = 0 if dimM > 3: We have 
Sk = —{ei, ei)eiekSi. On one hand, if k, I and j are such that I j and I k we 
have 

Sk = —(e;, ei)eiekSi 

— (c/, c/)e/e/e( (cj, Cj'jcjeiSj ) 

“ ~ ( ©■) ) e/e Cj Sj 

On the other hand 

Sk — (.^jXj')^j^kSj. 

So, if in addition k j (hence all three are different), then 

CjCkSj — 0, 

SO that we finally arrive at Sj = 0. □ 

Remark 6.10. By a theorem of Cortes et al. [1], the vector field t(s) associated 
with a spinor gives rise to an infinitesimal automorphism of Pspin(V'o)ixW if and only 
if s is a twistor spinor, i.e. there exists a spinor s such that for all X we have 
Xxs = X ■ s. 


7. Appendix 

7.1. Non-existence of a forgetful functor SM^ —SM. A mixed manifold M 
has an underlying manifold M'*’” which comes with a functorial map M'’”^ ^ M. 
For an affine space M = A(I/, I4,Lc)) the assignment is simply given by setting 
M®"* = A(C © V]r, 14,0), and the map M®™ —>■ M is induced by the map C © 
14 —> We show that the analogous statement fails in the category of mixed 
supermanifolds. This is not surprising insofar as there does not even exist a forgetful 
functor from complex supermanifolds to supermanifolds |15] . A by-product of the 
argument is a proof that there is no functorial way to split even complex functions 
on supermanifolds into two even real functions (Proposition [72]) ■ 
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Let (V, VIr, Vc) be a mixed super vector space. The natural choice for the under¬ 
lying supermanifold is given by the affine space associated with the super vector 
space u{V, 1%, Vc) = (C (8) (V]r)o © Vj, V*, Vj). The natural choice for the map 

^(y.UK.Uc) • b*, Vc))-^ A(y, 14, Vfc) 

is induced by the C-linearization of the inclusion ( 14)5 —>■ Vg and the identity on 
Vj. Note that = u. However, these natural choices do not assemble to a forgetful 
functor from mixed supermanifolds to supermanifolds: 

Proposition 7.1. There is no functor F: SM'' —s- SM such that the following two 
conditions hold: 

(a) F{A{V, 14, 14 )) = A(u(y, 14 , 14 )) and F{A{e(^v,VK,Vc))) = 

(b) A|sm = idsM- 

Proof. Assume that such a functor F existed. Consider A(C) and A(]R^) with their 
standard monoid structure. Then we had a commutative square 

A(]R2) X A(R2) A(R2) 

ecxC ec 

A(C) X A(C) > A(C) 

and it would follow from the second assumption that F would take the monoid 
A(C) to the monoid A(K.^). 

Consider the supermanifold M = A(]R^ x C°l^) with coordinates (a;,j/,i?i,i? 2 ) 
and consider the two maps (pz, ■ Af —> A(C) given by pi{z) = x + iy and 
= 'di'd 2 ) respectively. Then we have Pz = {x,y), so that we would 

obtain F{pz) = F{{x,y)) = {x,y). 

For an arbitrary smooth function a: K.^ C we now define fa'■ M ^ M hy 
/|(x) = x + ai?i42, 

fiiy) = y + (-*)(! - o:)did2, 

Pa{^i)=^i- 

Then Pz o fa = Pz F PSi-o^- However, on one hand 
F{pzOfa)^=F{fafoF{pzf 
= fioF{pzf 
= ft ° {x, y) 

= {x,y) + (-*)(! - a)‘/^’i?u?2) 

and on the other hand 

F{pz + p^i^z) = F(pz) + 

= (x,y) + F(p^,u2)- 

This would imply F{p.^^.^.z) = (q^¥’i5ii925 (“*)(1 ~ci)'^i9ii 52) arbitrary a: C, 

which is absurd. □ 


Similarly, one proves the following related proposition. 
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Proposition 7.2. The natural transformation ec- A(R^) —^ A(C) between functors 
on SM admits no section. 

Proof. Assume that such a natural transformation F existed. We use the notation 
from the previous proof. We consider again M — A(R^ x and the two maps 

ifz and Then F{ipz) = (x + n,y F in) for a nilpotent function n on M. 

Defining fa as previously, we have Fz ° fa = Tz + so F{(pz o fa) would 

be independent of a. However, we would have 

F{}Pz o fa) = flix + n,y + in) 

= (cc + a'di'd2 + n,y + (— 0(1 “ a)'di'd2 + in), 


a contradiction. □ 

7.2. Flows of even real vector fields on mixed supermanifolds. We outline 
the construction of flows of vector fields on mixed supermanifolds. In this setting, 
only even real vector fields can be integrated. We show that they have a unique 
maximal flow. 

Let M be a mixed supermanifold and let X be an even real vector field. Let 
V C X M be open such that {0} x M C V. A morphism 

0^: Ri X M A V- 


is called a flow of X if 

(a) dt o o X, and 

(b) 0'^|{o}xM = idM- 

Following m, an open subspace {0} x M CVCR^xM such that, for all 
m G Mq, V n (M^ X {m}) is an interval and a flow exists on V is called a flow 
domain. 

First we show that a real vector field on a mixed manifold has a unique maximal 
flow. Let M be a mixed manifold and M®™ its underlying smooth manifold which 
comes with a map i \ M®"* — >■ M. Then (z*Tm), (**Tm) C C 0 and we have 

the following exact sequence: 

0-^ f*(TM,c ® Tm.c)-^ C ® ^ f*TM/TM.c-0. (7.3) 

In fact, locally in a neighborhood of the form (C"i“''"'2,R"'^ xC"2,C"^), f*TM,c and 
(f*‘JM,c) are spanned as OM»”»-modules by dzi and dzi (i S {u-i + 1 ,..., ni + 712 }), 
respectively. 

Then we have the following observation. 

Lemma 7.4. For any real vector field X on M, there is a unique real vector field 
Y on M®™ such that (C 0 F)|oJ^^ = X. 

Proof. Consider two such real vector fields Yi and y 2 on M®™. Locally on the model 
space defined by x C"^, C”^), with coordinates {x = {xi,... a:„J, z = 

(zi,... ,z„ 2 )}, we have 

^ z)dz^ 

^ 3 
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for smooth real functions fi{x) and partially holomorphic functions gj{x, z). Hence 
we have 

Yi =Y^fi{x)d^, +Y^gj(x,z)d^. +Y^gj(x, z)d^. (I G { 1 , 2 }), 

* j j 

which proves uniqueness. In order to prove existence, we choose a splitting of (17.31) 
in order to write i*X = Xr + Xc, where Xc G Then V = Xr + Xc + Xc 

is the desired vector field. □ 

Lemma 7.5. Let (V, Vr, Vc) be a mixed vector space and let X be a real vector 
field on U C A(I4) and Y the unique real vector field such that (C 0 F)|o[/ = X. 
The maximal flow 0^: V®"* — >■ f/®"* of Y defines a morphism of mixed manifolds 
0^ which is the unique maximal flow of X. 

Proof. The proof of [5l Theorem 12.4.2] applies to show that for every p G U there 
is an open neighbourhood U' of p and an e > 0 such that (—e, e) x U' C V®™ and 
0^|(_£ „)xc/' is a mixed morphism. Since V®™ is a flow domain and the since flow is 
additive we conclude that 0^ defines a mixed morphism. This is a flow morphism 
since 0^ is a flow for Y and (C( 8 )T)|o [7 = X. Uniqueness follows from uniqueness 
of the flow of Y and maximality is ensured by maximality of V®"*. □ 

Lemma 7.6. Let {V, ^r, Vc) be a mixed super vector space and let X be a real even 
vector field on the open subspace U C A(Vr). Furthermore, let X be the underlying 
real vector field on A((Vo)r) with maximal flow 0^^: Vq Uq. There is a unique 
flow morphism : V ^ U where Vq is the maximal flow domain and (0^)o is 
the maximal flow of X. 

Proof. Following the proof given in uni Lemma 2.1], the higher order terms of 
the flow 0"’^ are constructed by solving linear ordinary differential equations. The 
unique solutions will automatically be partially holomorphic, since the initial con¬ 
dition, the identity, is partially holomorphic. So we get a flow 0'’'^: V ^ 17 for X 
with (0^)o = 0^^^ and V C R x [/ is the open sub supermanifold with base Vq. □ 

By the same reasoning as in [101 Lemma 2.2] one can prove the existence of flow 
domains: 

Lemma 7.7. Let X be an even real vector field on the mixed supermanifold M. 
Then there exists a flow domain V for X. Furthermore, if Vi, i G {1,2}, are flow 
domains with flows Qf, then 0 {'^|vinV 2 = 0 ^|vinV 2 - 

Putting everything together we obtain the final result. 

Theorem 7.8. Let X be an even real vector field on the mixed supermanifold M 
with underlying real vector field X on Mq. Then there exists a unique flow map 
0^: V —>■ M where V is the maximal flow domain for X. Moreover, (0^)o is the 
maximal flow of X. 

Proof. This follows from the above considerations by taking the union of all flow 
domains. □ 

Definition 7.9. An even real vector field is called complete if its maximal flow 
domain V equals K x M. 

The following basic properties can be proved as in the classical case. 
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Proposition 7.10. Suppose X is an even real vector field and Y is 
vector field on M. 

(a) £xr := )# o F o = [X, F], 

(b) If [X, F] = 0, then and Y commute. 

Proof. See for instance [HI Corollary 3.7]. 


an arbitrary 


□ 
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